
Acceleration

Discussion

definition

When the velocity of  an object changes it is said to be accelerating. Acceleration is the rate of

change of velocity with time.

In everyday English, the word acceleration is often used to describe a state of increasing speed.

For  many  Americans,  their  only  experience  with  acceleration  comes  from  car  ads.  When  a

commercial shouts "zero to sixty in six point seven seconds" what they're saying here is that this

particular car takes 6.7 s to reach a speed of 60 mph starting from a complete stop. This example

illustrates acceleration as it is commonly understood, but acceleration in physics is much more than

just increasing speed.

Any change in the velocity of an object results in an acceleration: increasing speed (what people

usually  mean  when  they  say  acceleration),  decreasing  speed  (also  called  deceleration  or

retardation), or changing direction. Yes, that's right, a change in the direction of motion results in an

acceleration  even  if  the  moving  object  neither  sped  up  nor  slowed  down.  That's  because

acceleration depends on the change in velocity and velocity is a vector quantity — one with both

magnitude  and  direction.  Thus,  a  falling  apple  accelerates,  a  car  stopping  at  a  traffic  light

accelerates, and an orbiting  planet accelerates. Acceleration occurs  anytime an object's  speed

increases, decreases, or changes direction.

Much  like  velocity,  there  are  two  kinds  of  acceleration:  average  and  instantaneous.

Average acceleration is determined over a "long" time interval. The word long in this context means

finite — something with a beginning and an end. The velocity at the beginning of  this  interval is

called the initial velocity (v) and the velocity at the end is called the final velocity (v0) [v nought].

Average acceleration is a quantity calculated from measurements.

a = 
∆v

 = 
v − v0

∆t ∆t

In contrast, instantaneous acceleration is measured over a "short" time interval. The word short in

this context means infinitely small or infinitesimal — having no duration or extent whatsoever. It's a

mathematical ideal that can can only be realized as a limit. 

A word about notation. In formal mathematical writing, vectors are written in boldface. Scalars and

the magnitudes of  vectors are written in italics. Numbers, measurements, and units are written in
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roman (not italic, not bold, not oblique — ordinary text). For example …

a = 9.8 m/s2, θ = −90°  or a = 9.8 m/s2 at −90°

(Design note: I think Greek letters don't look good on the screen when italicized so I have decided

to ignore this rule for Greek letters until good looking Unicode fonts are the norm on the web.)

units

Calculating acceleration involves dividing velocity by time — or in terms of units, dividing meters per

second [m/s] by second [s]. Dividing distance by time twice is the same as dividing distance by the

square of time. Thus the SI unit of acceleration is the meter per second squared.

⎡
⎣

m
 = 

m/s
 = 

m
 
1⎤
⎦s2 s s s

Another frequently used unit is the acceleration due to gravity — g. Since we are all familiar with the

effects of  gravity on ourselves and the objects around us it makes for a convenient standard for

comparing accelerations. Everything feels normal at 1 g, twice as heavy at 2 g, and weightless at

0 g. This  unit has a precisely defined value of  9.80665 m/s2, but for everyday use 9.8 m/s2 is

sufficient, and 10 m/s2 is convenient for quick estimates.

The unit called acceleration due to gravity (represented by a roman g) is not the same as the natural

phenomena called acceleration due to gravity (represented by an italic g). The former has a defined

value whereas the latter has to be measured. (More on this later.)

Although the term "g force" is often used, the g is a measure of acceleration, not force. (More on

forces later.) Of particular concern to humans are the physiological effects of acceleration. To put

things in perspective, all values are stated in g.

In roller coaster design, speed is of the essence. Or, is it? If speed was all there was to

designing a thrill ride, then the freeway would be pretty exciting. Most roller coaster rarely

exceed 30 m/s (60 mph). Contrary to popular belief, it is the acceleration that makes the ride

interesting. A well designed roller coaster will subject the rider to maximum accelerations of

3 to 4 g for brief periods. This is what gives the ride its dangerous feel.

Despite the immense power of its engines, the acceleration of the Space Shuttle is kept

below 3 g. Anything greater would put unnecessary stress on the astronauts, the payload,

and the ship itself. Once in orbit, the whole system enters into an extended period of free

fall, which provides the sensation of weightlessness. Such a "zero g" environment can also

be simulated inside a specially piloted aircraft or a free fall drop tower. (More on this later.)

Fighter pilots can experience accelerations of up to 8 g for brief periods during tactical

maneuvers. If sustained for more than a few seconds, 4 to 6 g is sufficient to induce

blackout. To prevent "g-force loss of consciousness" (G-LOC), fighter pilots wear special

pressure suits that squeeze the legs and abdomen, forcing blood to remain in the head.

Pilots and astronauts may also train in human centrifuges capable of up to 15 g. Exposure to

such intense accelerations is kept very brief for safety reasons. Humans are rarely

subjected to anything higher than 8 g for longer than a few seconds.

Acceleration is related to injury. This is why the most common sensor in a crash test dummy

is the accelerometer. Extreme acceleration can lead to death. The acceleration during the

crash that killed Diana, Princess of Wales, in 1997 was estimated to have been on the order

of 70 to 100 g, which was intense enough to tear the pulmonary artery from her heart — an

injury that is nearly impossible to survive. Had she been wearing a seat belt, the acceleration

would have been something more like 30 or 35 g — enough to break a rib or two, but not

nearly enough to kill most people.

Here are some sample accelerations to end this section.
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Acceleration of Selected Events (Smallest to Largest)

a (m/s2) event

5 × 10−14 smallest acceleration in a scientific experiment

2 × 10−10 galactic acceleration at the sun

9 × 10−10 anomalous acceleration of pioneer spacecraft

0.5 elevator, hydraulic

0.6 free fall acceleration on pluto

1 elevator, cable

1.6 free fall acceleration on the moon

8.8 International Space Station

3.7 free fall acceleration on mars

9.8 free fall acceleration on earth

10–40 manned rocket at launch

20 space shuttle, peak

24.8 free fall acceleration on jupiter

20–50 roller coaster

80 limit of sustained human tolerance

0–150 human training centrifuge

100–200 ejection seat

270 free fall acceleration on the sun

600 airbags automatically deploy

104–106 medical centrifuge

106 bullet in the barrel of a gun

106 free fall acceleration on a white dwarf star

1012 free fall acceleration on a neutron star

Automotive Acceleration (g)

event typical car sports car F-1 race car large truck

starting 0.3–0.5 0.5–0.9 1.7 < 0.2

braking 0.8–1.0 1.0–1.3 2 ~ 0.6

cornering 0.7–0.9 0.9–1.0 3 ??
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Acceleration and the Human Body

a (g) event

2.9 sneeze

3.5 cough

3.6 crowd jostle

4.1 slap on back

8.1 hop off step

10.1 plop down in chair

60 chest acceleration during car crash at 48 km/h with airbag, design limit

70–100 crash that killed Diana, Princess of Wales, 1997

150–200 head acceleration limit during bicycle crash with helmet
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Acceleration

Summary

Acceleration is the rate of change of velocity with time.

As a vector it must be stated with both magnitude and direction.

Acceleration occurs anytime an object's …

speed increases,

speed decreases, or

direction of motion changes.

Average acceleration …

is measured over a non-zero time interval and

is represented by the symbol aave or a (overline)

Instantaneous acceleration …

is the limit of average acceleration as the time interval approaches zero,

is the first derivative of velocity with respect to time,

is the second derivative of displacement with respect to time, and

is represented by the symbol a (boldface)

The various forms of acceleration are defined by the following equations …
 

a = 
∆v

∆t
 
average

acceleration
 a = 

lim ∆v
 = 

dv
 = 

d2r
∆t→0

∆t dt dt2
 
instantaneous

acceleration

 

The SI unit of acceleration is the meter per second squared [m/s2].

The acceleration due to gravity …

is a natural unit of acceleration,

is represented by the symbol g (roman),

is equal to 9.80665 m/s2 by definition,

is often rounded to 9.8 m/s2 for convenience, and

is sometimes called the "g force" even though it is not a measure of force.
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Acceleration

Problems

practice

A problem about a car .

A car is said to go "zero to hundred in six point seven seconds". What is its acceleration

in m/s2?

a.

The driver can't release his foot from the gas pedal. (The gas pedal is also known as

the accelerator. Coincidence? I think not.) How many additional seconds would it take

for the driver to reach 130 km/h (assuming the aceleration hasn't changed)?

b.

OK, enough with the everyday units. A car moving at 130 km/h has a speed of 36.1 m/s.

What acceleration would it have if it took 5.0 s to come to a complete stop?

c.

1.

A baseball is pitched at 40 m/s (90 mph) in a Major League game. The batter hits the ball on

a line drive straight toward the pitcher at 50 m/s (112 mph). Determine the the acceleration

of the ball if it was in contact with the bat for 1/30 s.

2.

conceptual

Which device(s) on a car can be used to control its acceleration?1.

Describe a situation when an object has …

zero velocity, but non-zero accelerationa.

zero acceleration, but non-zero velocityb.

2.

numerical

At main engine cutoff (MECO), the Space Shuttle is at an altitude of 113 km (70 miles),

traveling 7600 m/s (17,000 mph) relative to the earth. This occurs 7 minutes 40 seconds

into the mission. Determine the magnitude of the average acceleration experienced by the

shuttle astronauts from lift off to MECO.

1.

Most roller coasters are towed to the top of a large hill by means of a motor driven chain and

released at the start of their run. This "chain link lift hill" technology is simple to design and

quite reliable, but will never be able to accelerate the coaster faster than 1 g. In the quest to

build new and ever more terrifying thrill rides, some designers have employed alternate

acceleration methods. Two such roller coasters can be found at an amusement park just

north of Richmond, Virginia.

The Outer Limits: Flight of Fear is accelerated using linear induction motors (LIM),

which generate a sequentially moving magnetic wave that propels the coaster like a

surfer. A pair of LIMs is 85.3 m (280 foot) long and can accelerate the coaster to

24 m/s (54 mph) in 3.9 s. Determine the magnitude of the starting acceleration (in g)

of the Flight of Fear.

a.

The HyperSonic XLC (Extreme Launch Coaster) is the world's first roller coaster to

be launched using compressed air. Four, 150 kW (200 hp) compressed air motors

accelerate the eight seat coaster from zero to 36 m/s (80 mph) in 1.8 s. Determine

the magnitude of the starting acceleration (in g) of the Hypersonic XLC.

b.

2.

When ejection seats were being developed, it was not known if a human could survive the

intense acceleration needed to clear a jet fighter in an emergency. In 1954, US Air Force

Colonel John Stapp was strapped into the seat of a rocket sled and blasted across the New

Mexico desert at 282 m/s (632 mph) to examine the physiological effects of high speed

ejection. The sled traveling at eight-tenths the speed of sound, a land speed record at that

time, was then guided into a large trough of water, stopping it in a mere 1.4 s. Determine the

magnitude of the average acceleration during the critical portion of this experiment. (Colonel

Stapp subjected himself to several extreme acceleration experiments and survived all of

3.
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them relatively unharmed.)

Federal crash standards require that a passenger in a typical accident should not

experience accelerations of 60 g for longer than 36 milliseconds. At what speed did the

authors of this standard assume a typical accident would take place?

4.

During a typical accident, a properly designed bicycle helmet should keep acceleration of

the head below 200 g for a cumulative duration of three milliseconds and 150 g for a

cumulative duration of six milliseconds. At what speed did the authors of this standard

assume a typical accident would take place?

5.

A distressed car is rolling backward, downhill at 3.0 m/s when its driver finally manages to

get the engine started. What velocity will the car have 6.0 s later if it can accelerate at

3.0 m/s2?

6.

What zero-to-sixty time is equivalent to an average acceleration of 1 g?7.
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Equations of Motion

Discussion

constant acceleration

In order to be accurate, the title of this section should be "One Dimensional Equations of Motion for

Constant Acceleration". Given that such a title  would  be  a stylistic  nightmare, let me begin this

section  with  the  following  qualification.  The  equations  of  motion  are  valid  only  when

acceleration is constant and motion is constrained to a straight line.

Given that we live in a three dimensional universe in which the only constant is change, you may be

tempted to dismiss this section outright. It would be correct to say that no object has ever traveled

in a straight line with constant acceleration anywhere in the universe at any time — not today, not

yesterday, not tomorrow, not five billion years ago, not thirty billion years in the future, never. This I

can say with absolute metaphysical certainty.

So what good is this section then? Well, in many instances, it is useful to assume that an object did

or will travel along a path that is essentially straight and with an acceleration that is nearly constant.

That is, any deviation from the ideal motion can be essentially ignored. Motion along a curved path

may also be effectively one-dimensional if  there is  only one degree of  freedom for the objects

involved. A road might twist and turn and explore all sorts of  directions, but the cars driving on it

have only one degree of freedom — the freedom to drive in one direction or the opposite direction.

(You can't drive diagonally on a road and hope to stay on it for very long.) In this regard, it is not

unlike motion restricted to a straight line. Approximating real situations with models based on ideal

situations is not considered cheating. This is the way things get done in physics. It is such a useful

technique that we will use it over and over again.

Our goal in this section, is to derive new equations that can be used to describe the motion of an

object in terms of its three kinematic variables: velocity, displacement, and time. There are three

ways  to  pair them up: velocity-time, displacement-time, and velocity-displacement. In this  order,

they are also often called the first, second, and third equations of motion, but there is no compelling

reason to learn these names. Since we are dealing with motion in a straight line, the symbol x will be

used  for  displacement.  Direction will  be  indicated  by the  sign (positive  quantities  point  in +x

direction, while negative quantities point in the −x direction). Determining which direction is positive

and  which  negative  is  entirely  arbitrary.  The  laws  of  physics  are  isotropic;  that  is,  they  are

independent of the orientation of the coordinate system. As long as you are consistent, it doesn't

matter. Some problems are easier to understand and solve, however, when one direction is chosen

positive over another.

velocity-time

The relation between velocity and time is a simple one during constantly accelerated, straight-line

motion.  Constant  acceleration implies  a uniform rate  of  change  in the  velocity. The  longer the

acceleration,  the  greater the  change  in velocity.  If  after a time  velocity increases  by a certain

amount, after twice that time it should increase by twice that amount. Change in velocity is directly

proportional  to  time  when acceleration is  constant.  If  an object  already started  with  a certain

velocity, then its new velocity would be the old velocity plus this change. You ought to be able to

see the equation in your mind's eye already.

This is the easiest of the three equations to derive formally. Start from the definition of acceleration,

expand the ∆v term, and solve for v as a function of t.

 
a = 

∆v
 = 

v − v0

 ∆t ∆t
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v = v0 + a∆t  [1] 

 

The symbol v0 [v nought] is called the initial velocity. 

The  symbol  v  is  then the  velocity some  time  ∆t  after  the  initial  velocity.  It  is  often called  the

final velocity but this does not make it an object's "last velocity". Take the case of the meteor. What

velocity is  represented by the symbol v? If  you've been paying attention, then you should have

anticipated the answer. It depends. It could be the velocity of the meteor as it passes by the moon,

as  it  enters  the  earth's  atmosphere,  or  as  it  strikes  the  earth's  surface.  It  could  also  be  the

meteorite's velocity as it sits in the bottom of  a crater (zero). Is this then the final velocity? Who

knows. Someone could extract the meteorite from its hole in the ground and drive away with it. Is

this  relevant?  Well,  maybe.  It  depends.  There's  no  rule  for  this  kind  of  thing.  You'll  have  to

understand the problem and then make a decision for yourself.

The last part of this equation a∆t is the change in the velocity from the initial value. Recall that a is

the rate of change of velocity and that ∆t is the time interval since the object had its initial velocity v0.

Rate multiplied by time equals change. Thus if an object were accelerating at 10 m/s2, after 5 s it

would be moving 50 m/s faster than it was initially. If it started with a velocity of 15 m/s, its velocity

after 5 s of acceleration would be 15 m/s + 50 m/s = 65 m/s.

displacement-time

The displacement of a moving object is directly proportional to both velocity and time. Move faster.

Go  farther.  Move  longer  (as  in  longer  time).  Go  farther.  Acceleration compounds  this  simple

situation. Now the velocity is also directly proportional to time. Try saying this in words and it sounds

ridiculous. "Displacement is directly proportional to time and directly proportional to velocity, which

is  directly proportional to  time."  Time is  a factor twice, making displacement proportional to the

square of time. A car accelerating for two seconds would cover four times the distance of a car

accelerating for only one second (22 = 4). A car accelerating for three seconds would cover nine

times the distance (32 = 9).

Would that it should be so simple. This example only works when initial velocity is zero. Change in

displacement is proportional to the square of time when acceleration is constant and initial velocity

is zero. A true general statement would have to take into account any initial velocity and how the

velocity  was  changing.  This  results  in  a  terribly  messy  proportionality  statement.  Change  in

displacement  is  directly  proportional  to  time  and  proportional  to  the  square  of  time  when

acceleration is  constant. A function that is  both linear and square is  said to be quadratic, which

allows us to compact the previous statement considerably. Change in displacement is a quadratic

function of time when acceleration is constant

Proportionality statements are useful, but not as concise as equations. We still don't know what the

constants of proportionality are for this problem. The only way to answer that is through algebra.

Start with the definition of velocity, expand ∆x, and solve it for displacement.
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v = 
∆x

 
 

∆t  

∆x = v∆t   

x − x0 = v∆t   

x = x0 + v∆t  [a] 

To continue, we need to resort to a little trick first published in the Fourteenth Century at Merton

College,  Oxford  (and  sometimes  called  the  Merton Rule).  When acceleration is  constant,  the

velocity will change uniformly from its initial value to its final value and the average will lie halfway

between the extremes. Thus, the average velocity is just the arithmetic mean of the initial and final

velocities.

v = ½(v + v0)   [4] 

Substitute  the  first  equation of  motion [1]  into  this  equation [4]  and  simplify with the  intent  of

eliminating v.

v = ½(v + v0)   

v = ½ [(v0 + a∆t) + v0] 

v = ½(2v0 + a∆t) 

v = v0 + ½a∆t   [b] 

Finally, substitute [b] into [a] and solve for x as a function of t.

x = x0 + v∆t  

x = x0 + (v0 + ½a∆t)∆t  

x = x0 + v0∆t + ½a∆t2  [2] 

The symbol x0 [x nought] is the initial displacement. Many times, this value is zero and if it isn't, we

can make it so. If you ask me, "When should we do this?" I would say, "It depends on the problem,"

and leave it to you to decide. There is no rule that you can memorize in this case. You have to

understand what the equation says and then learn how to apply it to a particular situation. Similarly x

is often called the final displacement, but this does not make it the "last displacement", rather it is

the displacement at the end of the time interval during which the acceleration was constant.

Something else to notice is the similarity between equations [2] and [a] . When acceleration is zero,

our second equation of  motion reverts to a rearranged constant velocity equation. As predicted,

displacement is in part directly proportional to time and in part directly proportional to time squared.

x = x0 + v0∆t + ½a∆t2 [2] 
x = x0 + v∆t  [a] 

Although the velocity symbols in the two equations may look different, they do indeed represent the

same quantity. If there is no acceleration, then the velocity is constant, which means that the initial

velocity is the same as the final velocity is the same as the average velocity. The acceleration term

at the end is  an adjustment to the constant velocity equation to account for the the fact that the

velocity  is  changing.  A  positive  acceleration would  increase  the  displacement  and  a negative

acceleration would decrease it. This is exactly what one would expect. If  an object's velocity was

increasing, it would move farther than if it had stayed at a constant velocity. Likewise, if an object's

velocity was decreasing, it would have a smaller displacement than if its velocity were constant. It's

good to see that the equations behave in a realistic manner. Otherwise all this math would be a

waste of time.
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Equations of Motion

Summary

The following equations of motion are valid only when …

acceleration is constant and

motion is constrained to a straight line.

The One Dimensional Equations of Motion for Constant Acceleration

traditional name equation relationship

1st equation v = v0 + at velocity – time

2nd equation x = x0 + v0t + ½at2 displacement – time

NOT THIS [3rd equation v2 = v0
2 + 2a(x − x0) velocity – displacement]

merton rule v = ½(v + v0) average velocity
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